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1 The evolution equation 

We introduce an evolution equation which deforms metrics on 3-manifolds with 
sectional curvature of one sign. Given a closed 3-manifold with an initial met- 
ric with negative sectional curvature, we conjecture that this flow will exist for 
all time and converge to a hyperbolic metric after a normalization. We shall 
establish a monotonicity formula in support of this conjecture. Note that in 
contrast to negative sectional curvature, every closed n -manifold admits a met- 
ric with negative Ricci curvature by the work of Gao and Yau 5 for n = 3 and 
Lohkamp 10 for all n > 3. When n > 4, Gromov and Thurston 6 have shown 
that there exist closed manifolds with arbitrarily pinched negative sectional cur- 
vature which do not admit metrics with constant negative sectional curvature. 
It is unknown whether such manifolds admit Einstein metrics. In particular, 
the stability result of Ye |13| assumes more than curvature pinching. When 
n = 3, it is an old conjecture, which is also a consequence of the Geometrization 
Conjecture, that any closed 3-manifold with negative sectional curvature admits 
a hyperbolic metric. 

Let (M, g) be a 3-dimensional Riemannian manifold with negative sectional 
curvature. The Einstein tensor is = Rij — ■^Rgij. We find it convenient to 
raise the indices: P'^ = g^'^g'^Rki - ^Rg'^ ■ The cross curvature tensor is 

_ /detP^\ 

where Vij is the inverse of P*-'. If the eigenvalues of Pij are a — — P2323, 
b = — i?i3i3, c — — i?i2i2, then the eigenvalues of Rij are — {b + c) , — {a + c) , 
— (a + b) and the eigenvalues of hij are 6c, ac, ab. Hence if {M^, has negative 
sectional curvature, then both Pij and hij are positive definite. 

Lemma 1 We have the following identities 

1. \7,P'i = 
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2. h'iVihjk = Ih'iVkhij. 

Note that the first identity is the contracted second Bianchi identity. The 
above identities imply that the cross curvature tensor is dual to the Ricci tensor 
in the following sense. 

Lemma 2 Let {M'^,g) be Riemannian manifold. 

1. If the Ricci curvature is positive, then the identity map u : {M,gij) — > 
{M,Rij) is harmonic. 

2. If n = 3 and the sectional curvature is negative (or positive), then t : 
{M,hij) {M,gij) is harmonic. 

With this in mind we define the cross curvature flow (XCF)^ by 

if the sectional curvature is negative and by -^^gij = —2hij if the sectional 
curvature is positive. Note that the XCF is fully nonlinear whereas the Ricci 
flow is quasi-linear. 



2 Short time existence 

Let fiijk denote the volume form and raise indices by /i*^'^ = g^^g^'^g^'^ fipqr. Our 
normalization is such that /Lti23 = p}^^ = 1. We find it convenient to rewrite hij 
as 



hij — r,Ri£pq^^^ Rkjrst^ 



Lemma 3 If{M,g) is a closed 3-manifold with negative (or positive) sectional 
curvature, then for any smooth initial metric a solution to the XCF exists for a 
short time. 

Proof. We consider the case of negative sectional curvature since the case of 
positive sectional curvature is similar. Let gij denote a variation of the metric 
gij and let tildes also denote the variations of various curvature tensors. We 
have 



'■^ 2 \dx^dx^ dx^dx^ dx^dx^ dx^dx^ ) 

where the dots denote terms with 1 or less derivatives of the metric. Applying 
the equality 

IjT^^RkjrsI^'' = -2P™' {6^6!^ - SP,S]) 

^We owe this nice abbreviation to Ben Andrews. 
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yields 

8 dx/^dxP dxWxP dx'^dxi J ^ ^ " " 

8 ^axJax-J (9a;^5a;P (9a;J5a;P dx^dxi ) ^ ' " " ' 



The symbol of _E (5) = 2h is obtained from hij by replacing by a cotangent 
vector in the highest (second) order terms 

aDE (g) (C) ffy = -P™^ (GCmffO" + OOffim - QQgem - CeCm9ij) ■ 

Since the sectional curvature is negative, p™^ is positive and the eigenvalues 
of the symbol are nonnegative. One checks that the integrability condition is 
L{hij) = 0, where 



1 

By Theorem 5.1 of |3, a solution to the XCF exists for short time. 



3 Evolution of the Einstein tensor 

We find it convenient to express the Einstein tensor as 

Lemma 4 The evolution of the Einstein tensor is given by 

= VfcVf (P"P*J' - pikpje^i _ detPg'^ ~HP'^ 

where H = g^^hij and det P = det P*^^/ det g'^^. 

Proof. We have 
d 

+ g^'^ {Rijkphqi + Rijpthqk) ■ 

Since the evolution of the volume form is given by ^Myfe — H^ijk and ^M*"''^ 
—Hjj!^^^, we have 

- ^fi^'^'fi^'^gP" {R^.kphqi + R^jpihqk) - 

= ^»^™^'=^"V,Vfc/i,, - ^^l''"'^i'''"g''''R,„ehqk - 2HP""\ 



3 



The lemma follows from the identity 



^l^^irn^kengpgp^^^^f^^^ + ifP™" = detP^™". 



4 Monotonicity of the volume of the Einstein 
tensor 

Proposition 5 // (M, g) is a 3-manifold with negative sectional curvature, then 
vol{Pij) is nondecreasing under the XCF. 

This follows from the more general computation 

Lemma 6 For any rj gM. 



d_ 
di 



[ (detP)''d/x = r? /" fi|T*J'=-T^'*'=f -r^lT^l'VdetP)" 
+ (l-2r;) / {AeiPfHdn 

JM 



dji 



where T^^^ = P*^V^PJ^ = VjkT'^'' = P'^Vjlogdet P, and the norms are 
with respect to the metric Vij . 

Decomposing T^^'' into its irreducible components 

1 2 

rpijk _ £jijk ^ ^pijj'k _j_ pikrpj^ _|_ ^pjkrpi 

10 5 

where the coefficients —j^ and | are chosen so tliat VijE^^'' = VikE^^'^ = 
VjkE^^^, we find that 

Taking 77 = 1/2 in the lemma, we have 

^ / (det P)^/^ df^=\ [ - E^'''f (det P)^^^ d^i>Q 

at J 4 Jf^ 

and the proposition follows. 

5 Approach to hyperbolic in an integral sense 

We show that an integral measure of the difference of the metric from hyperbolic 
is monotone decreasing. Let 



J = J^(^j-{detP)'^'yn 



where P — gijP^^ . By the arithmetic-geometric mean inequahty, the integrand 
is nonnegative, and identicaUy zero if and only if ~ ^Pgij, i.e., gtj has 
constant curvature. 

Theorem 7 Under the cross curvature flow ^ < 0. 

Proof. We compute 4i Im ~ ^ Im '^^^ '^1^- Combining this with the 

previous lemma with 77 = 1/3 and the decomposition of T'^'^ into its irreducible 
components, we have 

/ ( lE^^'^ - E^^'^l' + ^ \T f] {det Pf'df, 
dt V Jm \ 3 ' ' / 

- (^j- {det h)^/^^ {det P)^/^dfi 

which is nonpositivc (0 if and only if gij has constant negative sectional curva- 
ture). ■ 

6 A maximum principle estimate 

Let □ = P'-^ViV j — ViVjP'^^ , which is an elliptic operator. 
Proposition 8 

4- log det P = □ log detP+- |T'^'= - T^^'^f - 2H. 
dt ^ ^ 2 I I 

By the maximum principle 

^ niin log det P {t) > -2 max |i/ {x, t) : det P{x,t) = min det P (i) | = -2X {t) 

Suppose for some T < 00 we have inf^/x [o,t) det P = 0. It is not difficult to show 
that there then exists a sequence of times ti ^ T such that min a/ log det P {ti) — > 
00 and X {ti) 00. Hence there exists Xi G M such that det P {xi,ti) — > and 
H {xi, ti) —>■ 00. Hence there exists a sequence of points and times where one of 
the sectional curvatures tends to zero and another tends to minus infinity. 

7 Conclusion 

In view of the well-developed theory of Ricci flow ^ and the ground breaking 
work of Perelman on the second author's program for Ricci flow as an 
approach to the Thurston Geometrization and Poincare conjectures, it is hopeful 
that further progress can be made on the cross curvature flow. Recently Ben 
Andrews |lj has obtained new estimates for the cross curvature flow. In the 
case the universal cover of the initial 3-manifold is isometrically embedded as 
a hypersurface in Euclidean or Minkowski 4-space, the Gauss curvature flow 
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(see H, [E], 13, [SI, El for earlier works on the GCF) induces the XCF for the 
metric. In this case Andrews has proved convergence results. In general, he 
expects long time existence and convergence of the XCF to reduce to proving 
local in time regularity (higher derivative estimates). 
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